Introduction
In 1940, Ulam 1 raised a question concerning the stability of homomorphisms: let G 1 be a group and let G 2 be a metric group with the metric d ·, · . Given ε > 0, does there exist a δ > 0 such that if a mapping h : G 1 → G 2 satisfies the inequality d h xy , h x h y < δ 1.1
for all x, y ∈ G 1 , then there is a homomorphism H :
In Theorem A, they did not show that there exist a k ∈ R and a unique bi-Jensen mapping F : X × X → Y such that f x, y − F x, y ≤ kε for all x, y ∈ X. In 2008, Jun et al.
7, 8 improved Bae and Park's results.
In Section 2, we show that there exists a unique bi-Jensen mapping F : X × X → Y such that f x, y − F x, y ≤ 4ε for all x, y ∈ X. In Section 3, we investigate the Hyers-Ulam stability of a bi-Jensen functional equation on the punctured domain.
Stability of a Bi-Jensen Functional Equation
From Lemma 1 in 8 , we get the following lemma.
for all x, y ∈ X and n ∈ N. Now we will give the Hyers-Ulam stability for a bi-Jensen mapping.
for all x, y ∈ X. Putting l 0 and taking m → ∞ in 2.6 , we obtain the inequality
for all x, y ∈ X. By 1.4 and the definition of F, we get
for all x, y, z ∈ X. So F is a bi-Jensen mapping satisfying 2.2 . Now, let F : X × X → Y be another bi-Jensen mapping satisfying 2.2 with F 0, 0 f 0, 0 . By Lemma 2.1, we have
for all x, y ∈ X and n ∈ N. As n → ∞, we may conclude that F x, y F x, y for all x, y ∈ X. Thus the bi-Jensen mapping F : X × X → Y is unique. for all x, y ∈ R. Then f, F, F satisfy 1.4 for all x, y, z ∈ R. In addition, f, F satisfy 2.2 for all x, y ∈ R and f, F also satisfy 2.2 for all x, y ∈ R. But we get F / F. Hence the condition F 0, 0 f 0, 0 is necessary to show that the mapping F is unique.
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Stability of a Bi-Jensen Functional Equation on the Punctured Domain
Let A be a subset of X. X \ A and X × X \ A × A are punctured domain on the spaces X and X × X , respectively. Throughout this paper, for a given mapping f :
for all x, y ∈ X.
Lemma 3.1. Let A be a subset of X satisfying the following condition: for every x / 0, there exists a positive integer n x such that kx / ∈ A for all integer k with |k| ≥ n x , and such that kx ∈ A for all integer k with |k| < n x . Let f : X × X → Y be a mapping such that
for all x, y, z ∈ X \ A. Then there exists a unique bi-Jensen mapping F :
for all x, y ∈ X \ A. Moreover, the equality
for all x, y ∈ X \ A, and we know that the equality
holds for all x, y ∈ X \ A. From 3.2 , we have
for all x, y ∈ X \ A. From the above equalities, we obtain the equalities
for all x, y ∈ X \ A and n ∈ N.
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Let A x be the set defined by A x {n ∈ N | nx / ∈ A} for each x / 0. From the above equalities, we can define F :
3.12
From the definition of F, we get the equalities
for all x, y ∈ X \ A. By 3.10 , we get the equality
for all x ∈ X \ A and y / 0, where 2 k ∈ A y . And also we get the equality
for all x / 0 and y ∈ X \ A, where 2 k ∈ A x . Hence the equality
holds for all x, y ∈ X × X \ A × A . From 3.8 , 3.9 , 3.10 , and the definition of F, we easily get
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for all x, y / 0. And we obtain
for all x, y / 0 with x y / 0, where 2 k ∈ A x ∩ A y ∩ A x y and z / ∈ A. From this, we have
for all x, y, z / 0 with x y / 0, where 2 k ∈ A x ∩ A y ∩ A z . From the above equalities, we get
for all x, y, z ∈ X. By the similar method, we have
for all x, y, z ∈ X. Hence F is a bi-Jensen mapping. Let F be another bi-Jensen mapping satisfying
for all x, y ∈ X × X \ A × A . Using the above equality, we show that the equalities 
Proof. By 3.27 , we get for all x, y / 0, 0 . Since the equalities 
